The variability properties of a sample of 300 optically selected quasars near the South Galactic Pole (SGP) have been studied over a baseline of 16 years using a series of twelve UK Schmidt Telescope B J plates at seven epochs. In this sample there is a correlation between variability and both quasar luminosity and redshift, at greater than the 99 per cent signi cance level. Quasars of high luminosity show signi cantly less variability than those with low luminosity, the rms variation ranging from about 0.25 mag at M B = ?23 to 0.1 mag at M B = ?28. The observed trends can be explained by an intrinsic dependence of quasar variability on luminosity combined with the e ects of time dilation, and have implications for quasar samples selected by variability or multicolour techniques. The change in the slope of the n(m) relation at the break can be less pronounced in variability-selected samples. Our results can be used to test models for the origin and reprocessing of the continuum emission in quasars.
INTRODUCTION
Variability provides a simple yet powerful means for investigating the physical processes at work in the inner regions of AGN. Temporal variations of luminosity can be used to constrain models of both the continuum source and the geometry of accretion in the black hole scenario (e.g. Rees 1984) . Whilst rapid variability on a time-scale of minutes is observed at X-ray wavelengths (Barr & Mushotzky 1986) , probing the very inner regions of the power source, the timescale of optical variations ranges from months to years. For a black hole model the optical variation is more closely linked with the time-scales associated with variations in the viscous accretion of material (e.g. Abramowicz 1991) . Recent developments in the subject are covered in the review by Wallinder, Kato & Abramowicz (1992) .
The primary diagnostics for optical variability are the dependence on absolute magnitude and redshift, the timescale of variations in the quasar rest frame and the degree of coherence of individual quasar light curves { in our case taken as an ensemble. In addition to providing insight into quasar models, an important by-product of understanding the optical variability of quasars is the ability to predict selection e ects for quasar samples chosen purely on the basis of variability (e.g. Usher 1978; Hawkins 1986) . This is also the case for samples selected using multicolour techniques if the plates were taken at di erent epochs.
The interpretation of variability is, however, fraught with problems. Variability properties of AGN are usually deduced from observations over narrow wavelength ranges, corresponding to a xed bandpass in the observer frame and a redshift-dependent wavelength range in the quasar frame. For example, our optical study examines quasar variability at rest-frame wavelengths ranging from 900 A at z 4 to 4500 A at low redshift. Di erent physical mechanisms and regions within the AGN come into play for the UV ux compared to the optical ux. There may also be a true dependence of variability on cosmic epoch, compounding the e ect caused by time dilation of the observed sampling interval. Furthermore, in virtually all samples of quasars there is a strong correlation of redshift and luminosity, making it di cult to distinguish between the dependences of variability on these two parameters. Consequently, although there have been many studies of AGN variability there is little or no consensus of opinion on the underlying properties.
Even prior to the discovery of quasars, optical variability was used as a diagnostic for the nature of the peculiar stellar object that had been identi ed by Matthews & Sandage (1963) with the radio source 3C48. Smith & Hofeit (1961) analysed 75 plates of 3C48, covering the years 1890 to 1960, and reported no magnitude variations greater than 0:3 mag. Meanwhile, Matthews & Sandage (1963) and Sandage (1964) reported variations of order 0:3 mag based on only one year of photoelectric photometry. Even these rst variability studies gave apparently con icting results. Throughout the 1970s and 1980s there were numerous studies of the optical variability of radio-loud quasars, predominantly selected from the strong source surveys 3C, 4C and Parkes. These showed a wide range in variability characteristics, from the most active optically violent variables (OVVs, Penston & Cannon 1970) which undergo > 1-mag changes over periods of a few days, to objects that appeared not to vary at all at the 0:1-mag level. One conclusion of these studies was that more luminous objects seemed to vary less (Angione 1973; Uomoto, Wills & Wills 1976; Pica & Smith 1983) , although, given the limited samples used, a dependence of variability on redshift could not be ruled out. The situation for optically selected quasar samples is more ambiguous, with authors nding evidence for contradictory trends with both redshift and luminosity, or no trend at all.
The fact that luminosity and redshift are so strongly correlated in virtually all ux-limited samples of quasars implies that any correlation with luminosity is re ected as a correlation with redshift and vice versa. Generally the quasar samples have been too limited to disentangle these e ects, and despite the recent appearance of a number of studies on the variability of quasars the situation is still unclear. The current state of a airs can be summarized as follows. (a) A trend for more luminous or higher redshift quasars to show less variation was found in a sample of 111 quasars (of which 72 per cent are radio-loud) by Pica & Smith (1983) using data from a monitoring programme covering 13 years. Cristiani, Vio & Andreani (1990) found a similar trend in their sample of 90 optically selected quasars. Their data cover 7 years at 7 epochs. (b) In contrast, Bonoli et al. (1979) , Trevese et al. (1989) and Netzer & She er (1983) , using samples of 35, 27 and 64 optically selected quasars respectively, did not nd any signi cant correlation of variability with either redshift or luminosity. (c) To further confuse the situation, Giallongo, Trevese & Vagnetti (1991) , combining the data of Koo, Kron & Cudworth (1986) and of Bonoli et al. (1979) to form a sample of 55 optically selected quasars, found a correlation in the opposite sense, with higher redshift quasars tending to have higher variability. Most of these apparently con icting results can be explained as due to a combination of the following:
(i) the use of small samples or sparse time sampling of the quasars; (ii) di ering measures of variability analysing di erent aspects of the quasar light curves; (iii) the strong correlation between redshift and luminosity found in most quasar samples.
In an attempt to resolve the situation, we have investigated the variability properties of the largest available sample of quasars with adequate photographic plate material, namely a sample of 300 quasars in the South Galactic Pole (SGP) region (00 h 53 m ; ?28 03 0 ). This sample is unique, due to both the large range of redshift, 0:3 < z < 4:1, and the large absolute magnitude range, MB 3 mag, over the entire redshift distribution.
The remainder of this paper is organized as follows. The properties of the quasar sample and plate material are discussed in Section 2. Section 3 deals with the variability analysis and the results are presented in Section 4. The parametrization of the variations is given in Section 5. In Section 6 the implications are discussed and in Section 7 we present the conclusions. The sample of quasars was taken from the surveys by , , Hazard & McMahon (in preparation) , and , supplemented by additional objects from the quasar catalogue of Hewitt & Burbidge (1987) . All the quasars lie in one UK Schmidt eld centred at the SGP and were originally selected by a variety of techniques: ultraviolet excess (UVX), objective prism and multicolour photometry { but see Section 6.3 for a discussion of variability-induced selection e ects in colour surveys.
The sample contains a total of 332 quasars that could be unambiguously identi ed on our photographic plates. They all have reliable redshifts derived from slit spectra, covering a broad spread in redshift and apparent magnitude (Figs 1a, c) . Position, redshift, mean apparent magnitude and variability index v (see Section 3.2) for each of the SGP quasars are given in the Appendix Table A1 . This table in expanded format, also containing magnitudes for the quasars at each epoch, is available in electronic form on application to any of the authors. A total of 42 quasars were removed from the initial sample. 29 were removed because their image on the plates appeared non-stellar or was merged with another nearby image, making the measured magnitudes unreliable, and a further 13 were removed for one or more of the following reasons. Quasars with z < 0:3 were excluded because the galaxy underlying the quasar is often resolved on UK Schmidt Telescope (UKST) plates at these redshifts, again making the photometry less reliable. In addition, the original quasar samples are probably incomplete in this redshift range, since a star-like appearance of candidates was a requirement in most of the quasar surveys. Quasars with mean apparent magnitudes (see Section 3.1 for calculation of mean apparent and absolute magnitudes) m > 21:0 mag were excluded to keep the photographic photometric errors to a minimum. AGN with mean absolute magnitude MB > ?23:0 were removed from the sample, since the contribution from resolved galaxy light could affect the photometry and moreover this part of the Hubble diagram has sparse coverage. Finally, each quasar had to appear at a minimum of ve of the seven epochs for which we had plate material.
With these restrictions on the sample, the nal working set consists of 290 quasars. The distribution of these quasars in the redshift, apparent magnitude and absolute magnitude domains is shown in Figs 1 and 2.
Plate material
We currently have available twelve UKST IIIaJ+GG395 plates of the SGP, ve of which (J9764, J9765, J9766, J9770 and J9771) were taken within a day of each other and were averaged together for the analysis. Since J3497 is a poorer quality plate than the others, has a faint ux limit almost a magnitude brighter, and does not provide any information at an independent epoch, it was discarded from the analysis. The measures from the nal two plates J14545 and J14605, taken a month apart, were kept separate. The former plate has a spectacular reball trail diagonally across it, making the magnitudes of 10 quasars on J14545 unusable. The current useful plate material therefore consists of a total of eleven plates at seven epochs, spanning a range of 16 years and having a minimum spacing between epochs of 1 month. Details of the plate material are given in Table 1 . The UKST handbook should be consulted for an explanation of the grades.
Plate measurement and calibration
A region of 5:8 5:8 was measured for each plate using the Automatic Plate Measuring (APM) facility at Cambridge (Kibblewhite et al. 1984) . All of the plates were digitized with 1/2-arcsec sampling and the resultant 41 000 41 000 pixel array automatically analysed for images { de ned as regions of contiguous pixels above some speci ed isophotal threshold (typically 24.5 to 25 mag arcsec ?2 ). The output from the APM for each plate consists of a list of detected images above the detection isophote, together with a number of parameters for each image describing their position, intensity and shape information. All plates were aligned with respect to the Position and Proper Motion (PPM) astrometric catalogue (Roser & Batian 1988) prior to scanning, using a six-constant linear transformation to map table x; y coordinates into celestial coordinates with an accuracy of better than 1 arcsec. After scanning, a nal plate transformation was derived using all ( 150) the PPM stars visible in the eld. The intensity scale for each plate was linearized with respect to a normal magnitude scale using the technique described by Bunclark & Irwin (1983) . This method removes the e ects of image saturation, non-linear emulsion response and loss of ux in the outer wings of image pro les, by using the fact that all stellar images on a photographic plate should have the same pro le. The`best' plate, J9771, was then used as both an intensity and a coordinate reference system, against which the remaining plates were matched.
The only criterion for accepting an image match between the reference plate and the comparison plates was positional coincidence to within 2 arcsec. In practice this is accomplished by iteratively using the brightest images on pairs of plates to de ne an approximate six-constant linear plate solution. A few iterations using progressively fainter images allows the plate-to-plate transform to be derived over the whole area to a few tenths of an arcsecond. Finally the positions on the secondary plates are corrected for any small-scale systematic non-linear distortion using the mean residual in cells 1 1 cm 2 in size.
At this stage we have a list of matched images for all plates but no common intensity scale. The next step involved mapping the intensity scales on to that of J9771, and at the same time analysing and correcting the area scanned for zero-point variations in magnitude scale (sensitivity variations) as a function of plate position (e.g. Demers & Irwin 1987) . The sensitivity corrections were derived and applied on a scale of 1 cm. Although this simple procedure removed most of the eld-dependent errors, we noticed for a few of the early plates a signi cant dependence of eld error on magnitude. This accounts for the derived average measuring errors getting larger at magnitudes brighter than about 17th magnitude (see Table 2 ), but has little e ect on the derived magnitudes of most of the quasars since there is only one quasar in our sample with BJ < 17.
The apparent magnitudes derived are UKST BJ magnitudes which, for convenience of notation, will from now on be represented by m. Photometric calibration in the photographic BJ passband was performed using B, V standards from Hawkins & Bessell (1988) , and the photometric transformation in equation (2).
Measurement errors
For simplicity, and since in practice the random errors on good quality sequences of photographic plates are very similar, we assumed that at any given magnitude the`measuring' error was the same for all plates. Indeed, the one plate (J3497) where this was not a good approximation was dropped from the analysis. Consequently, for all stellar objects on the eleven plates the equivalent rms variation about the mean measurement could be simply calculated for each object k using a functional form such as
( 1) where mi is the apparent magnitude of the object on the ith plate, m is the mean apparent magnitude derived from all the plates and Nk is the number of measurements of the kth object. This is equivalent to the L1 norm of the variation about the mean (cf. Eadie et al. 1971) . Although the core error of derived intensities on photographic plates is well described by a Gaussian distribution, there are far more outliers in the wings of the observational error distribution than in the equivalent Gaussian distribution. This is why the L1 norm was used as a measure of the spread in the distribution rather than the more conventional rms measure. For this case the L1 norm gives a more robust statistic. The factor p =2 is included to scale to be equivalent to the rms deviation for a Gaussian distribution. As a further precaution against extreme values in uencing the analysis, rather than simply averaging the individual error estimates within bins of apparent magnitude, we used the median within a bin to de ne the`average' measuring error as a function of magnitude. Table 2 shows the variation of measuring error as a function of apparent magnitude. For most magnitudes of interest the individual plate measuring error is 6 per cent, rising to around 11 per cent at the faint quasar limit, m = 21 mag. As noted earlier (Section 2.3), at brighter magnitudes, where there are actually very few quasars in the sample, magnitude-dependent eld e ects between plates cause the apparent errors to increase. A straightforward bene t of deriving the measuring errors directly from the individual stellar measures is that exactly the same method can be used to calculate the intensity variations of the quasars, simplifying subsequent statistical removal of these measuring errors. Alternative methods for estimating variations of magnitude are discussed in Section 3.2.
ANALYSIS 3.1 Calculation of absolute magnitude
The rst step in the analysis of the variability of the sample was to average together the ve plates taken at the same epoch. The mean apparent magnitude in the BJ passband m over the seven epochs was then found. In order to calculate the mean absolute B magnitude MB, the apparent magnitudes (m) were rst converted to standard apparent B magnitudes.
We have assumed a spectral index of = ?0:5 (S / ) for the quasars in our sample, which corresponds to a B ?V The absolute B magnitudes MB were then calculated using MB = B?5:0log10(dL)+2:5log10(1+z)?25+ B kcorr (z); (4) where dL, the luminosity distance, is given by dL = cz H0 (1 + z(1 ? q0) p 1 + 2q0z + 1 + q0z
The k-correction Bkcorr(z) was calculated assuming a spectral index = ?0:5 (S / ). A correction for absorption by the Lyman / Lyman forest and for Lyman limit systems was also made (see Irwin et al. 1991 for more details). There is no correction for emission lines, apart from Lyman which was assumed to have a rest-frame equivalent width of 50 A. The k-correction as a function of redshift is shown in Fig. 3 and agrees closely with that used by Warren et al. (private communication) .
Measures of variability
The variability index v for any particular quasar was dened in a similar manner to equation (1) 
where Ne is the number of epochs at which the quasar was visible on the plate and mi is the magnitude of the quasar at epoch i.
This measure is less sensitive to outlying points than the rms, and so less sensitive to OVV-type behaviour. Whilst this property is well-suited to the statistical study of variability in a large sample, alternative measures giving more weight to the extrema, such as max?min, would be better at picking out OVVs and other unusual objects.
Alternative measures of the variability index were also considered. For example, in order to avoid having to calculate the mean magnitude explicitly, it is possible to derive measures of the variation based on some average of the pairwise plate-to-plate deviations p v =<j mi ? mj j p > C: (7) Here <> denotes some measure of the average deviation between epochs over all possible pairs of measurements for each quasar. The exponent p typically takes the value 1 or 2 and C is a scale factor to make v equivalent to the rms for a Gaussian distribution. Clearly, the conventional mean squared deviation would be obtained with a straight average, p = 2 and C = 1=2. An example of a more robust estimator would be to use the median of the absolute differences (p can then take any positive value without having any e ect). In this case, a single spurious or atypical data point would have little e ect on the derived variation, which should be contrasted with a conventional mean squared estimator. At the other extreme, the maximum pairwise deviation (i.e. max?min) could also be used as a variability index, but would clearly be more sensitive to the odd spurious point, particularly with ever increasing numbers of epochs.
Basically, all methods bar the last case, where only the extrema of the magnitude distribution are used, were found to give similar ensemble results. This is not too surprising since they are all attempting to measure`average', global aspects of the quasar variation. Both the median of the pairwise di erences and the variability index de ned in Section 3.2 (equation 6) were superior to a conventional rms estimator, simply because of the reduction in sensitivity to spurious or atypical data points. Use of the di erence between the extrema of the magnitude distribution emphasizes spurious points and atypical values, and should be avoided in general ensemble computations. Since there was little to choose between the two`best' measures of quasar variability, we used the more conventional L1 norm.
RESULTS

Variability as a function of luminosity and redshift
Despite the large scatter in the variations of individual quasars (due to the sparse sampling and limited epoch coverage of the plate material), it is possible to discern noticeable trends in the variability index with several parameters because of the large numbers of quasars in the SGP sample. The matrix of Kendall rank correlation coe cients for the parameters v, MB, z and m is given in Table 3 . All the correlation coe cients are signi cant at greater than the 99 per cent con dence level. The distributions of v with (a) absolute magnitude and (b) redshift are shown in Fig. 4 . There is a correlation of v with absolute magnitude, in the sense that more luminous quasars tend to have lower variability. The median value of v within each 1-mag bin decreases by 0.03 per unit Fig. 4(c) , where again only a very weak dependence can be seen. In order to see these trends clearly, it is useful to overlay the distribution with the median value of v within each bin (the large lled circles). The error bars on these points are the standard error on the median value. These median values are also shown after a statistical correction for measuring errors (open circles).
One of the outliers in Figs 4(a) and (b) is of special interest. This is the objective-prism-selected quasar 0055?2659, with a redshift of z = 3:67 (Hazard & McMahon 1985) . This quasar is known to be radio-quiet (S6cm < 1 mJy, McMahon et al., in preparation) . It is the outlier at high luminosity and high redshift, indicated with an arrow. It is well o the observed trends in that it is much more variable than other quasars with similar redshift or luminosity. It would be interesting to monitor this object in more detail since its variability properties seem anomalous. This object will be treated separately when the parametrization of quasar variability is considered in Section 5, since the maximum-likelihood method used to t the data is sensitive to outliers in the same way as least-squares methods.
The rank correlation coe cients in Table 3 suggest that the predominant correlation for the variability index v is with MB, whilst that between v and z arises from the strong correlation between MB and z coupled with the v{ MB correlation (as may be directly inferred by multiplicatively combining the relevant coe cients). Indeed, a partial rank correlation test supports this conclusion at the > 99 per cent con dence level. This e ect is demonstrated by dividing the sample into redshift ranges and calculating the v{MB rank correlation coe cient for each subset. The results are presented in Table 4 and show that the v{MB correlation is signi cant at greater than the 95 per cent level in all four redshift ranges. A similar test was carried out by dividing the data into four ranges of MB and calculating the v{ z correlation coe cients. The results are shown in Table 5 and demonstrate that the v{z correlation is not signi cant when calculated for small ranges of MB.
Whilst, within the uncertainties, the correlation between v and z can be explained by the strong correlation between MB and z coupled with the v ? MB correlation, this does not necessarily rule out the presence of redshiftdependent e ects. For example, if signi cant variability exists on quasar rest-frame time-scales of the order of several years, the e ects of time-dilation are bound to introduce some dependence on redshift, since quasars at higher redshift were sampled more frequently and for a shorter time in their rest frame. Another possibility is that the amplitude and/or time-scale of variations depends on the rest-frame wavelength being observed, producing a dependence on redshift. Detailed studies of individual AGN (e.g. Bregman et al. 1988; Cutri et al. 1985) have shown that variability amplitudes tend to increase at shorter wavelengths, which would produce a trend for higher-redshift objects to vary more, i.e. opposite to the trend we have found. This e ect may therefore be weakening the trends we observe.
Variability as a function of time: observer frame
We can investigate the variations in magnitude in more detail by directly making use of the magnitude di erences m and corresponding t values for each pair of epochs for each quasar.
Traditional time series analysis usually proceeds via some variant of the signal correlation function. In the case of quasar light curves, we would ideally like to compute either individual autocorrelation functions/power spectra, or the closely related temporal structure functions (Simonetti, Cordes & Heeschen 1985; Rutman 1978) , for each quasar in order to be able to characterize the optical variability. Unfortunately, the small number of epochs and irregular spacing between epochs conspire to make this impossible for our sample. Consequently, it is necessary to treat the quasars as an ensemble of light curves from which we can derive their collective temporal properties. We have chosen to use the structure function for our analysis to facilitate comparison with previous work. The rst-order structure function is de ned for a discrete signal si, sampled at intervals i = 1,..., n, by j =< (si+j ? si) 2 >i; (8) where the average < > is over all available i values and j is the lag between samples. If we conventionally de ne the autocorrelation function of the discrete signal as j =< (si+j ? s):(si ? s) >i; (9) where s is the mean value of the signal, then the two measures are simply related by j = 2( 0 ? j): (10) For the case of the ensemble of quasars that we have here, the < > operator covers all quasars or some suitable sub-sample of quasars. In practice, a slight variant on the structure function de ned above was used, with j si+j ? si j replacing (si+j ? si) 2 . As discussed earlier, this reduces the sensitivity of the`average' derived function to aberrant points. We will use the notation S to denote this variant of the structure function.
We therefore calculate the ensemble structure function from S( tj) =<j mi;k ? mi;l j>median; (11) where tj =j tk ? tl j, mi;k is the magnitude of quasar i at epoch k and < >median denotes taking the median value of the sequence. We also correct the structure function for the presence of measuring errors. This is done by calculating the median measuring error in each bin and subtracting it from the structure function in quadrature.
In the observer time domain there are 21 di erent time (12) where obs is a characteristic time-scale of the observed variability of the sample. We derive a value of obs = 0:85 yr and the t is shown as a dashed line in Fig. 5(a) . The value of obs can be compared with the value of obs = 1:03 yr derived by Trevese & Kron (1991) for their sample of 27 faint quasars observed over 11 years at 7 epochs. Similarly, Bonoli et al. (1979) derived a value of obs = 0:83 yr from 5 years of observations at 10 epochs of a sample of 148 UVX objects, most of which are thought to be quasars.
We note, however, that a better t to the points in Fig. 5(a) is achieved using a power-law of the form S( t) / t p obs (13) giving a best-tting value of pobs = 0:20. This t is shown by the full line in Fig. 5(a) .
It is clear from the correlation analysis presented in Fig. 5(a) that the quasar structure function shows a steady rise in variation with time interval, indicating that quasars vary on all time-scales up to 10 yr and that these variations are correlated. The autocorrelation function re ects this behaviour, but because of the integral constraint on the mean ux is harder to interpret directly. Hence the apparent negative correlation at large lags is simply due to the imposed restriction that the average value of si ?s over the analysis window is zero. Fig. 6 shows the structure function for the data divided into two ranges of MB. This gure re ects the results in Section 4.1, i.e. that the less luminous quasars show larger variations.
Variability as a function of time: rest frame
The natural domain for investigating temporal light-curve variations of quasars is that de ned by the individual quasar rest frames. Analyses restricted to the observer time domain necessarily`blur' out intrinsic temporal variations due to the spread in 1 + z within the sample. To allow for this, the preceding correlation analysis was generalized to cope with the rest-frame time intervals between epochs, trest = t=(1+z) being substituted for t. This generates a pseudocontinuous spread of data points, ranging from rest-frame time intervals of a few weeks up to about 10 yr { although the number of points falls o rapidly for trest greater than about 6 yr. In order to generate similar correlation functions to those in the observer time frame, the following steps were taken:
(a) the trest sample was binned into 1.5-yr rest-frame time intervals and the median trest calculated; (b) the median m within each trest bin was evaluated; (c) concurrent with (b), the median observational error within that bin was also computed and removed in quadrature to give an estimate of the structure function; (d) the median spread of points within a bin was used to de ne the error in the bin estimate; (e) similar steps were used to calculate the autocorrelation function. The curve shows a least-squares t of the form / (1 ? a t p ) with p = 0:39. The data have been corrected for the e ects of measuring errors. The sample was also divided into four absolute magnitude and redshift ranges to investigate in more detail the previous trends of variability apparent in the rank correlation coe cients and in Figs 4(a) and (b). Results are shown in Figs 7(a) and (b). Even with the e ects of time dilation removed, there is still a clear trend for more luminous quasars to vary less. No such trend with redshift was found, con rming the preliminary interpretation from the rank correlation coe cients. Parametrization of the variability as a function of rest-frame time interval and quasar luminosity is discussed in the next section.
PARAMETRIZATION OF VARIABILITY
In order to parametrize the observed properties of quasar variability with luminosity and rest-frame time interval, we considered two simple functional forms in which the dependences of variability on luminosity and time are separable. Both models therefore assume that the temporal dependence has the same form for quasars of all magnitudes. We have tested this assumption by dividing the data into two subsamples at MB = ?25:7, the median absolute magnitude of the sample, and do not nd any signi cant di erence for the temporal variations derived from the two sets. A linear dependence on absolute magnitude has been assumed.
Model A: j m j= a + b (MB + 25:7)] t p rest ; (14) where trest is the time interval measured in the rest frame of the quasar. The constant 25.7, the median absolute magnitude of the sample, was added to the MB values in order to Random walk' variations, where the quasar magnitude either increases or decreases, with equal probability, by a xed amount at regular intervals, would yield p = 1=2. p = 1 corresponds to slow,`linear' variations on a time-scale much longer than that of the observations, so that the change in magnitude between two observations is on average proportional to the time di erence between them. (15) where is a characteristic time-scale of variations in the rest frames of the ensemble of quasars. In addition we considered a variation of the form in equation (15) However, the functional form in equation (15) was preferred since it gave a better t to the data and it can also be compared to the form used by Trevese & Kron (1991) .
As a rst attempt to t these forms to the data, a nonlinear, least-squares t to the binned data was used. The results from this were, however, rather sensitive to the bin size and on how the bin was represented, i.e. whether the mean or the median in each bin was used. The free parameters in each model (a, b and p for model A and c, d and for model B) were therefore determined using a maximum-likelihood t to the unbinned data. 1 errors in the parameter values were found from the form of the likelihood function near the solution.
To check the reliability of the tting procedure, a sample of arti cial quasars was generated with the same absolute magnitudes (MB) and redshifts (z) as the original sample but with a set of magnitudes generated using the models above. Autocorrelation functions were obtained from the model structure functions using the relation in equation (10) . These were convolved with random noise time series (by multiplying in the Fourier domain) to obtain a light curve for each quasar in its rest frame. The light curves were then sampled at the same time intervals as the real data and random, magnitude-dependent measuring errors, assumed to have a Gaussian distribution with the rms values in Table 2 , were then added to the magnitudes.
It was found that the model parameters could be recovered to within the uncertainties using maximum-likelihood tting, provided that the quasar 0055?2659, described in Section 4.1, was removed from the sample. As described earlier, this quasar is not a representative member of the sample since it is a high-luminosity object which shows large variability. The results presented in this section apply to the sample with this object removed.
The best-tting values of the parameters, with error estimates, are listed in Table 6 . Both models display a rapid increase in variations over short time-scales, and a slower increase for longer time-scales. For model B the value of = 0:38 0:10 yr is consistent with the value of 0:45 yr obtained by Trevese & Kron (1991) . Model A gives a signi cantly better t to the data and is preferred with better than 99 per cent con dence (as calculated from the likelihood ratio of the two models). at small values of t.
Following Bregman et al. (1990) , if the structure function as de ned in equation (8) has the form / ( t) , then the index corresponds to a power spectrum of the form P(!) / ! ?(1+ ) : (16) In their terminology our best-tting power law for the structure function is equivalent to = 0:36 0:04. It is interesting that this is similar to the value (0:55 0:09) that Lawrence & Papadakis (1993) have derived for the short-time-scale (hours) variability of X-ray emission in AGN.
6 DISCUSSION 6.1 Inferences from the structure function
The general trend in the structure function provides a natural explanation for why some studies nd signi cant correlations between variability and luminosity/redshift whilst others nd none. For example, if the quasar observations only sample a small range (< 1 yr) in the quasar rest-frame time domain, there will be a trend for variability to be correlated with both redshift and luminosity. The use of long baselines alone weakens the e ect of time dilation, and could make the correlation of variability with redshift (or absolute magnitude, since MB and z are correlated) harder to detect.
The form of the magnitude dependence can be used to di erentiate between various models of the AGN central engine. For example, the`Christmas tree' model in which the variability is caused by a number of randomly aring subunits (e.g. supernovae) results in a luminosity dependence of the form L / L 
i.e the equivalents of models A and B above but with the luminosity dependence xed at m / L ? 1 2 .
The best t was given by the second form, although both these`Christmas tree' models were found to be much less successful than models A and B above, the likelihood ratio test preferring the original models at greater than 99.99 per cent con dence.
Comparison with previous results
The correlation between variability and luminosity found above is consistent with the ndings of Cristiani et al. (1990) and Pica & Smith (1983) . Unfortunately, the strong correlation (R = 0:95) between redshift and luminosity in the sample studied by Cristiani et al. (1990) prohibited them from disentangling the observed dependence of variability on luminosity from an equally strong dependence on redshift. Note that the statistic Q (= j Bmax ? Bmin j= ) used by Pica & Smith (1983) to de ne variability measures a di erent aspect of the quasar light curve from our v (see Section 3.2). Moreover, the strong correlation they found (Q decreases by 0.45 mag per decade in F2500; equivalent to 0.19 per magnitude) was for a sample of radio-loud quasars. Pica & Smith (1983) identi ed a weak correlation between variability and luminosity for the 31 radio-quiet quasars in their sample, but their data set was insu cient to show conclusively that this apparent correlation was due to redshift or luminosity.
In contrast, Trevese et al. (1989) , using a sample of 27 faint optically selected quasars, found no correlation between variability and absolute magnitude or redshift. This was primarily due to the small number of objects in the sample. To demonstrate this, we analysed their data using the methods described above (rejecting objects with M > ?23 or z < 0:3, leaving 16 objects). Although no signi cant correlation between variability and absolute magnitude was found, the amplitude of variability at these magnitudes was consistent with the general relation between v and M derived from our own data.
Similarly, the small number of quasars (35) and small magnitude range (17:0 < m < 19:5) investigated by Bonoli et al. (1979) also led them to conclude that there was no signi cant correlation between variability and absolute magnitude or redshift. Our analysis of this sample con rms the original result of Bonoli et al., i.e. no signi cant correlation between variability and luminosity, either with or without the inclusion of objects with M > ?23. Giallongo et al. (1991) analysed the combined data of Trevese et al. (1989) and Bonoli et al. (1979) and found a correlation between variability and redshift in the opposite sense to our correlation, i.e. higher redshift objects showed more variation. This result depends strongly on the presence of the M > ?23 objects in the Trevese et al. (1989) sample.
When the Giallongo et al. (1991) data were analysed using our methods, excluding AGN with M > ?23, we found a positive correlation of variability with absolute magnitude (brighter objects varying less) and a marginal correlation with redshift in the same sense as found by Giallongo et al. (1991) . However, using the full sample we found that the correlation with redshift became more signi cant and the correlation with absolute magnitude vanished. This may be caused by the poorer magnitudes for the M > ?23 quasars in their sample, due either to less accurate photometry for these objects, possibly because of isophotal e ects, or to the increasing contamination from the luminosity of the host galaxy in such faint quasars.
Variability-induced selection e ects in quasar surveys
The observed correlations found between variability index, absolute magnitude and redshift (Figs 4a, b) imply that surveys using a selection criterion of variability above some set threshold will be more incomplete for high-luminosity quasars and for quasars at high redshift. In turn this implies that statistical properties of quasar luminosity functions derived solely from variability-selected quasar samples (e.g. Hawkins & V eron 1993) will di er from those derived from multicolour, slitless spectra or radio surveys.
To illustrate this e ect we have simulated a typical variability selection process. An intrinsic quasar luminosity function (LF) of the double-power-law form were taken within a month of each other, the v plates were taken four years earlier than the b and r plates (Warren et al. 1991a) . Since the b and r plates were all taken within a three-month period, relative variability between the b=r and v bands may be producing an increased spread in the observed colours of the quasars in the SGP eld. Moreover, many of the plate pairs in the F401 eld are taken a year apart. Therefore, when calculating the selection or completeness functions for such surveys as a function of colour and magnitude, it is necessary to include the e ects of variability which will a ect both normalization and slope of the quasar luminosity function.
Whilst, in the above example, variability appears to increase the probability of discovering quasars it is possible that, depending on how plate data are combined, quasars could be removed from a sample. For instance, if the photometric catalogue were`sigma clipped' on the basis of the di erence between the measured magnitudes of two plates in the same band but separated by a year or more, it is likely that some of the more variable quasars would be missed.
Since variability may have had an important contribution to the discovery of the quasars in the Warren et al. study, we have investigated whether the inclusion of quasars that were solely discovered by a ects our conclusions. The v ? MB Kendall rank correlation coe cient for the data without these objects is R = 0:24 with a signi cance greater than 99.99 per cent. We have also calculated the correlation coe cients for these data in two redshift ranges, z 2:2 and z > 2:2. For z 2:2 we found R v ?M B = 0:26 and the correlation was also signi cant at greater than the 99.99 per cent level. For z > 2:2 we found R v ?M B = 0:12 with a signi cance of 86 per cent. This correlation is weaker than observed for the full data set in this redshift range (see Table 4 ).
The decrease in R and the statistical signi cance are not necessarily due to enhanced variability within the Warren et al. objects, but could be due to the smaller number of quasars used (43 as opposed to 97 with z > 2:2 in the full data set). In addition, the Warren et al. objects with z > 2:2 are predominantly at the lower end of the observed luminosity range at these redshifts, so the correlation is measured over a narrower range in MB.
CONCLUSIONS
We have studied the variability properties of more than 300 optically selected quasars using photographic plates taken at seven epochs over a 16-year period. We nd that there is a signi cant anti-correlation between the degree of variability and quasar luminosity. There is also a slightly weaker correlation between the degree of variability and redshift. We nd that variability of optically selected quasars can be represented by a function of the form j m j= (0:155 + 0:023(MB + 25:7)) t 0:18 rest (20) and that the luminosity dependence is inconsistent with Christmas tree' models for AGN, in which the luminosity is generated by numerous randomly aring sub-units. We nd no evidence for di ering temporal variation as a function of luminosity.
These results are in general agreement with previous studies of variability in quasars, but represent the rst comprehensive study of optically selected quasars in which the dependence of variability on luminosity and/or redshift has been disentangled. The functional form derived for quasar variability can be used to ascertain the magnitude-and redshift-dependent selection e ects imposed on samples selected solely by variability. 
